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FOURIER INVERSION OF INVARIANT INTEGRALS

ON SEMISIMPLE REAL LIE GROUPS

BY

REBECCA A. HERB

Abstract. Let G be a connected, semisimple real Lie group with finite

center. Associated with every regular semisimple element g of G is a

tempered invariant distribution Ag given by an orbital integral. This paper

gives an inductive formula for computing the Fourier transform of Ag in

terms of the space of tempered invariant eigendistributions of G.

1. Introduction. Let G be a connected semisimple real Lie group with finite

center. Let g be the Lie algebra of G, gc its complexification. If Gc is the

simply connected complex analytic group corresponding to gc, we assume

that G is the real analytic subgroup of Gc corresponding to g.

Let g be any regular semisimple element of G. Associated with g is the

tempered invariant distribution Ag given by/H>Ag(/) = F"(g),f G CCX(G),

where H is the unique Cartan subgroup of G containing g and Fj1 is the

invariant integral of/relative to H defined by Harish-Chandra [1(a)].

The purpose of this paper is to give explicit formulas for the Fourier

transform of Ag. That is, we determine a linear functional Ag such that

Ag(f) = Âg(f), f G CC°°(G). Here / is defined on the space of tempered

invariant eigendistributions of G which includes, for each conjugacy class [H]

of Cartan subgroups of G, a series of tempered invariant eigendistributions of

G parameterized by the unitary character group H of H. These series include

the characters of the discrete series representations of G (if G has a compact

Cartan subgroup), the characters of the unitary principal series repre-

sentations induced from each cuspidal parabolic subgroup of G, and certain

"singular invariant eigendistributions" which can be interpreted as alternating

sums of characters [3].

The Fourier inversion formula was computed in the case that G has real

rank one by P. Sally and G. Warner [6], and in the case that G has real rank

two by the author in her Ph. D. thesis [2], written under the supervision of G.

Warner. In the real rank one case, Sally and Warner use the inversion

formula to compute the Plancherel formula for G. Also, D. Ragozin and G.

Warner have recently used the inversion formula for real rank one groups,

together with the Selberg trace formula, to obtain information on multiplici-
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ties of irreducible representations of G in L2(T \ G), Y a co-compact discrete

subgroup of G [5].

The method of computing the Fourier transform for general groups is an

extension of that used by Sally and Warner in the rank one case. However,

there are two problems in computing Fourier inversion formulas for groups G

of real rank n > 1 which do not occur when n = 1, or when n > 1 but G has

at most one conjugacy class of Cartan subgroups [H] for each possible

dimension of Hp, the vector part of H.

For n = 1, a Fourier inversion formula can be obtained for any regular

semisimple element of G. The same is true when n = 2. However, there are

cases when n > 3 (for example, Sp(3, R), the real symplectic group of rank

three) in which certain integrals involved in computing the Fourier inversion

formula for FfH(h0) diverge for certain regular elements h0 G H'. However,

the Fourier inversion formula is still valid on a dense open set H* of H.

A second problem which occurs when n > 2 is that in the final formula for

the Fourier inversion of F"(h0), the coefficients of 9(f), for some tempered

invariant eigendistributions 9, are complicated expressions involving infinite

sums which converge, but not absolutely, and have no obvious closed form.

Thus they cannot be directly differentiated, term by term, to obtain a

Plancherel formula for G. It is hoped, that in working with a specific group G

of rank > 2, the Fourier inversion formulas can be greatly simplified.

In §2, the series of tempered invariant eigendistributions associated with

each Cartan subgroup of G is described. In §3, Haar measures on G and its

subgroups are normalized, the invariant integral is defined, and formulas

which will be needed in §4 are listed. For convenience, for many definitions

and results we refer to [8]. In §4 the main theorem of this paper, which can be

used to obtain the complete inversion formula for F"(h0), H any Cartan

subgroup of G, h0 G H*, is proved. In §5, the proof of a technical lemma

from §2 is given.

I am indebted to Paul Sally and Garth Warner for many helpful

suggestions.

2. Tempered invariant eigendistributions on G. Let G and g be as in §1. Let

g = f + p be a Cartan decomposition of g with Cartan involution 9. Let K be

the maximal compact subgroup of G corresponding to f. Let H be a 0-stable

Cartan subgroup of G with Lie algebra b. Then b and H have decompositions

b = b* + \, \ = b n f, X = b n P, and HK = HKHp, HK = H n K, Hp =
exp(bp)-

Let P G ^(Hp), the set of parabolic subgroups of G with split part Hp. Let

P = MHpN be the Langlands decomposition of P. Let L = MHp. M and L

are reductive subgroups of G, but need not be connected or acceptable, and
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HK is a compact Cartan subgroup of M. (If H = HK is a compact Cartan

subgroup of G, then P = M = G.)

To each unitary character of H will be associated an invariant eigendistri-

bution of G. These will include the characters of the principal series repre-

sentations of G induced from P, along with certain "singular characters".

Let LH = {X G V- 1 b*|£x(exp H) = exp(X(H)), H G \)k, extends to a

well-defined character of H$, the identity component of HK). LH is a lattice

in V— 1 b*- Corresponding to each X G LH there is an invariant eigendistri-

bution T(X) defined on M°, the identity component of M [1(d), (e)]. If

X G L'H = (A G L^Ka, a> =é 0 for all a G $(mc, b*c)} where $(mc, b/tc)
denotes the set of roots of the complexified Lie algebra mc of M with respect

to b/tc then T(X) is, up to a sign, the character of a discrete series represen-

tation of M°. If X G L¿ = LH \ L¿, T(a) is an alternating sum of characters

which are "limits of discrete series" [3].

For any reductive group G and Cartan subgroup H, define W(G, H) =

NC(H)/H where NG(H) is the normalizer of H in G. For G acceptable,

define A% as in [8, §8.1]. M and L need not be acceptable, but M° and L° are.

If / is a Cartan subgroup of M or L we will write A^ and Ay with the

understanding that these are well-defined on J n M° and J (~) L° respec-

tively.

Let H' = H n G' where G' denotes the set of regular elements of G. Then

the formulas for T(X) on M° are given as follows. (See [1(d)].)

T(X)(hk) = A^ih)-' 2 det wU(hk),
w£tV(M°,Hg)

h* G Hin M0. (2.1)

Let J = JKJp be a 0-stable Cartan subgroup of M0. Pick a connected

component J* of Z^. Let A: G K n M° satisfy kJ{+k~l C H%. Let a denote

the centralizer in m of J*, Z the connected subgroup of M° corresponding to

3. Let j'(3) = {# G ip\a(H) ^ 0 for all a G ^(äc, ic)}. Let j£ be a connect-

ed component of i'(a), ^,+ = exp(i^). Let y G Zc satisfy Ad( v& " 'Xb^c) =

jc. Let/ -j^ G J',jk G //, L, = exp(Hp) G //. Then

r(A)C/^) - A?(À/,)" S det/^(fcÂ)
r e ^(*Z, tt£ )\ W(M°, H% )

X      2       det scä(*:/A: i;)exp(^'(;*)(//, )).    (2.2)
jejf(z.y)

The c5(í: X: \p) are constants satisfying:

C¡(S's: X: s%) = c,(í: X: i+p),       • G W(Z, /); (2.3)
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c^-'u: X: j;) = cä(i: uX: j;),       u G W{kZ, H°K ). (2.4)

Fix // and j£. Let F, = {'*~'X|X G V^T \*k) and La = yk~*LH. Set F; =

{X G F4«a, A> ̂  0 for ail a G d>(ac, ic)}. L¡ = Ls n i7,' is called the set of

regular elements of Lh, L* = Lä \ L' the set of singular elements. For X G Lä,

we will write c(s : X) for ca(j : **' X : j£). Then for X G L'v the constants

c(s : X) are uniquely determined since the terms exp(sX) are linearly inde-

pendent on J' for 5 G W(Z, J). They depend only on the connected

component F+ of X G F¡. Write c(s : X) = c(j : F+) when X G F+.

If X G LaJ, there exists some í =?*= 1 in W(Z, /) for which jX = X. Thus the

constants c(s : X) are not uniquely determined. Let Fx, . . ., Fk be the

connected components of F'h with X G F¡, i = 1,.. ., k. Then Harish-

Chandra defines the constants c(s : X) by the average,

c(s:X) = l Í,c(s:Ft)
K i = i

[1(e)]. In order to prove convergence of certain integrals in §4, it is necessary

to make a different, but equivalent, definition for certain singular X.

Let <ï>+ = {a G d>(ac, ic)\a(H) > 0 for all H G j£}. Let (a„ . . ., a,} be

the set of simple roots for 4>+ and {//,, . . . , H¡) the dual basis of \p defined

by a,(//,) = 4 Then £ = {S',.,/^ > 0, i = 1, . . . , /}. For X G Lv s G
W(Z, J), write jX = X7(jX) + S'.^CsX)«*, where X7(sX) G i* assumes purely

imaginary values on j, and t¡(sX) are real numbers, 1 < / < /. Then c(s : X)

= 0 if Re(jX(//)) > 0 for any H G i + [1(d)], so c(j : X) = 0 if t¡(sX) > 0 for

any 1 < / < /.

Lemma 2.5. Fix Xq G Lh, s G W(Z, 7), an¿ suppose í¡(sX) = 0 /or some

1 < i < /. Let W = (w G JP(Z, y)|wíXo = íXq}. 77ien

2    det w^ws : Xq) = 0.
wew

Since the proof of Lemma 2.5 is long and technical we defer it to §5.

Corollary 2.6. Suppose t¡(sX) = 0 for any 1 < / < /. Then if X is regular,

c(s : X) = 0, a«¿/ ifX is singular, we may redefine c(s : X) = 0 without changing

any of the properties of the constants c(s : X).

For X G L'H, let e(X) = sign Ila6*+(niCi6tc)<a, X>. Let q = \ dim(A//M n

A'). Then for X G L'H, (— l)?e(X)r(X) is the character of a representation of

the discrete series of M°. For X G L¿, if h>X = X for w =?= 1 in W(M°, //£),

then T(X) = 0. Otherwise, T(X) is the alternating sum of characters which can

be explicitly embedded in a certain reducible unitary principal series repre-

sentation of M° [3].
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Let Z(bp) = K n exp(V— 1 b^). This is a finite Abelian group generated

by elements of order two, and HK = Z(\)p)H%. Define M+ = Z(i)p)M°. Let

p(m, í)k) = {2a, a G 3>+(mc, bÄC), and T0 = Z(\) n Ä& Let Hx denote the

set of all pairs X G LH and tj g Z(i\pT sucri that Tj|r0 = ix-p^ jr0. Then

given (X, tj) G HK there is an invariant eigendistribution T(X, tj) on M with

support on M + given by:

T(X, Tj)(zm) = tj(z)      2      T(X){ymy ~ »),
TE«/«*

zGZ(£l,),   meM° (2.7)

(See [9].)

For any Cartan subgroup J of M, representatives y for the cosets of

M/M+ may be chosen so that y normalizes J and centralizes Jp. In

particular, for hk G H'K, T(X, tj) has the simple formula

T(X, n){zhk) = v(z)A»K(hkyl        2 det ^X(A,),
w&W(M, HK)

zez(ï)p),hkeH°.       (2.8)

This formula is obtained from (2.7) using the fact that W(M, HK) is genera-

ted by W(M°, Hg) and conjugation by certain representatives of the cosets

oîM/M + .

There is a one-to-one correspondence between pairs (X, tj) G HK and

elements b* G i/^ given as follows. Elements of HK are of the form x ® £a

where x G ZflJLj, X G L^, and x|ro = ftjr0. Let £H = ^(9Í)), p(g, b) = 5 2a,

a G $+(gc, be). If x ® & e ff*, then (X, &l <8> x)_G HK as &* ® X\T0 =

&-p<B.t)lro = ¿A-p(m,^)lro- Conversely, if (X, tj) G HK, then x = V ® I// e

Z^)    and  x®£ae#a:-   For  ** " X ® tx 6 /Î*,  we  write   7\o*)  for

r(X,^-'®x).
Each character of Hp is of the form h^(~l> = exp(V- 1 v log /ij, /l, G

Hp, v G b*, where log: Hp -± $p denotes the inverse of exp: t)p -► Hp. Given

(X, tj) G Hg and v G b*, there is an invariant eigendistribution 9 (H, X, 17, v)

on G with support on the closure of (J GJ, J a Cartan subgroup of L, where

GJ= UxeGxJ'x-\

For any Cartan subgroup J of L, let 7 = /,, J2, . . ., Jk be a complete set

of representatives for distinct conjugacy classes of Cartan subgroups of L for

which /, is conjugate to J in G, /' = 1, . . ., k. (If M is acceptable, Ac is always

one.) Let x¡ G G satisfy 7, = x,./*,-1 and for/ G 7, write/, = xjx~l. Then

for/ G /',
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8(H,Kri,p)iJ)' 2 [jr(Lt/,)]",Ka)1"'
/= 1

x    2    fä(tfi)|r<MX^*Xitfltf,)v("I)'.  <2-9)
»e W(G,/,)

where for/ G 7, = (7, n M)Hp,j\M axidj\H denote the components of/ in

7, n M and /^, respectively (see [7]). Note that Aj is defined on J¡ n L° only.

However |A^| makes sense on all of /,. If/ G /„/ = z/°, z G Z(l)p),j° G 7, n

L°, |A^(z/°)í is defined to be \A^(J°)\. This is well defined as A^(z/°) -

±A^(/)   for   z G Zft,) n L°.   For   ¿>* = x ® £x G #*,   *> G b*,   write
0(#,p*)>>)for0(//,X,£„-1<S>x,*').

When X G L'H, (— l)*e(X)0(.//, X, tj, v) is the character of a representation

of the unitary principal series of G induced from P. If X G LSH, 9{H, X, tj, v)

is zero, or is an alternating sum of characters which can be embedded in a

reducible unitary principal series representation associated to a different

cuspidal parabolic subgroup [3].

3. The invariant integral. We must first normalize various invariant

measures on G. For each Cartan subgroup H of G, let x -» x denote the

canonical projection of G onto G/H. Normalize the G-invariant measure

dc/H(x) on G/H as in [8, §8.1.2]. Let Hx be a fundamental 0-stable Cartan

subgroup of G with Cartan subalgebra b1. Write Hl = H^Hp. Normalize

Haar measure on //' as follows. If h = hkhp G H1, hk G H%, hp G Hp, let

d/i'ih) = dHi(hk)dH<(hp), dH\ the Haar measure on i/¿ assigning it total mass

one, dH\ the Haar measure on Hp which is the transport via the exponential

map of the canonical Haar measure on bj associated with the Euclidean

structure derived from the Killing form on G. Then a Haar measure on G is

fixed by

ff(x)dG(x) = f       f  f(xh)dH, (h)dG/H> (X)
JG JG/HlJH'

for all/ G CC(G).

A Haar measure on each 0-stable Cartan subgroup H of G is then fixed by

requiring that for all/ G CC(G),

[ /(*K (*) = /     / f(*h)d„ {h)dG/H (x).
JG JG/HJH

Write H = HKHp. Let dH be the Haar measure on H which is the transport

via the exponential map of the canonical Haar measure on its Lie algebra l)p.

Normalize Haar measure on HK so that dH{hKhp) = dHic(hK)dH (hp), hK G

HK, hp G Hp. Let \o\{HK) denote the total mass of HK.

For any 0-stable Cartan subgroup H of G, h = hKhp G H', w G W(G, H),
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define eg(h), ej*(w), and e£(hk) as in [8, §8.1.1]. For/ G CCX(G), h G H',

the invariant integral of/relative to H is defined by:

Ff (A) = e»(h)AGH(h)f     /(XA*"1) dG/H (x). (3.1)

Then Ff G LX(H) and is C°° on 77'. Further, there is a compact subset of 77

off which Ff vanishes. Let G" = [JxeGxH'x~l. Then from Weyl's formula

it follows that

/   f{x)dG(x) = [ W(G, H)Ylfe»(h)Aj(ti)F» (h)dH(A),
JGH Jff

/GCC°°(G).      (3.2)

For b* G HK, v G b*, we define the Fourier transform of Ff at (6*, v) by

// (6*, r) = (2ff)-dm W if (^)6*( W<_ '%, W", (*,)•

(3.3)

Then since Ff G ^(77'), for /i = A*A, G 77' we have

Ff (hkhp) = (2<rdimí,'/2(vol /7*)"1   2    ¿TO/ F/ (b*, r)Vv*-"' *

(3.4)

for a suitable normalization of Haar measure on b* and a suitable definition

2¿.e¿ which will be made later.

We will need the following facts taken from [8, Chapter 8]. Let w G

W{G, H), A = A^ G H'. Define M corresponding to 77 as in §2. Then:

Ag(wA) = detwAG,(A); (3.5)

e«(wh) = e»(w)ef(hk)e»(h); (3.6)

Ff (wh) = det we» (w)ef(hk)Ff (A); (3.7)

AJih) = (-\y'(H)AGH(h), (3.8)

where r,(77) is the number of elements of $+(gc, be) taking purely imaginary

values on b.

Let H,+ be a connected component of 77^, a the centralizer in g of H*. Let

^+(3o W = *+(8c> W n $(ac, &c), and let X = {H E bp|a(77) > 0 for
alla G $+(ac, bc)}. Then

*"(M„) = 1        for A, G Ht\ hp G b/. (3.9)

Fix an ordering on the roots of i>(gc, be) so that for a G 3>(gc, be) which

does not take purely imaginary values on b, a is positive if and only if a" is

positive. Hence a°(H) =a(o(H)) for all H G bc, and a denotes the conju-
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gation of gc with respect to g. Let í>+(mc, t>kC) = $+(8c> &c) n $(mo Ko-

Then with respect to these orderings,

signl^Ärr£R(A^(y)
for y G Z (b,), A, G {HK )', hp G H,.    (3.10)

Here £# = £p(8jíl) as in §2. Further, if 7 is any Cartan subgroup of L,

JM = JnM, then for y G Z (&,),/„ G 7' n A/0, A, G 7/p,

sign] Af^y ) = s¿ (tf«^ C/*& (Y)- i3-10

Here |, = £p(ai) and e¿M is defined with respect to M and JM. Again,

$+(gc, ic) is chosen so that for a G $(gc, ic)> « not taking purely imaginary

values on \, a is positive if and only if a ° is positive. <E>+(mc, iM<) =

$+(8c. ic) n $(mc, U«^

4. The Fourier inversion formula. Fix a 0-stable Cartan subgroup H of G.

Let M be as in §2. Let Car(G, 77) be a complete set of 0-stable representatives

for the G-conjugacy classes of Cartan subgroups of L = MHp. Let

Car'(G, 77) = Car(G, H) \ {H}. Let £H and r,(H) be as defined in (3.10) and

(3.8) respectively. Set d(Hp) = dim \.

Lemma 4.1. Let f G CC°°(G), b* = x ® £\ G HK, v G b;. 77ie«

7f (A*, p)

(-1)

(2w)d(H„ )/2
0(7/, X,x®^-',>)(/)

2      fefffAx^"1. ")(*)/(*K (*) j •
7eCar'(G,W)yG'/ •»

Proof. Since 9 = 9{H, X, x ® |¿"\ »0 has support on U y ecar(G,/o^'

0 (/) = / 0(x)f(x)dG(x)=        2        ( «(x)f(x)dG(x).

Using (3.2), (3.8), (2.9), (3.10), (2.8), and (3.3) respectively, we have
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Jj(x)f(x)dG(x) =[W(G, H)]'1 fa» (h)AGH(h)Ff (h)9(h)dH(h)

= {-\)"(H)[W{M,HK)Y\w(G,H)YX       2
wetV(G.H)

\AM (A )|

X T(X, x ® fe"' )(wA,)(wA/,)v(-1)"^ (A,)^ (A,)

yez"«Jf>

X: (        S        det <(wA,))x(y)A/<- »^ (^ (/g
WeH^A/, hk) I

= (-iy(H\2^d^)/2Ff(b*,p),

where Z' = Z{\)/Z{\) n #°.   Q.E.D.
In order to consider the Fourier series of Ff, we must make precise the

type of convergence used relative to HK. Let {/?„...,/?,} be the set of

simple roots of $+(mc, b¿c). Let {Aj,.,., A,} be the basis of V^ b*,

satisfying 2<A„ #>/<#, ßj> = 8ip 1 < i,j < r. Then LH = {2^,m(A,K G

Z}. For any positive integer M, define Lff = {2,=1»i,A/l - M < m¡ < M,

\<i< r}. Given X G Z{\f, let Lx = {X G L„|íA|ro = xlr0}, T0 = Z{\) n
77j£. Let L^ = Lx n L^. Then summability relative to HK is defined by

2    =Jim00      S 2   •

Lemma 4.2. Le/ A0 = A^ G i/'. Then

FfH(ho) =-*-      „,„x     S    6*(A*)
vol77^(27r)rf(/i') „    .

Ä v      ' b*&HK

X f A-v(-i)^(77, A*, „)(/) A+ // (A0),

where

X 2 f 0(77,6*,i')(x)/(xyG(x)
lyeCar'(G, //)"'GJ J
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Proof. Use (3.4) and Lemma 4.1. Since

2    ¿TO f A-v<-»Ô(7/, A*, v)(f) dv
7b*

converges absolutely the result is clear [1(d)], [9]. Q.E.D.

The remainder of §4 is devoted to an analysis of lf(h0). The main result of

this paper is that there is a dense open set 77* C H' such that if A0 G 77*,

then for 7 = JKJp G Car'(L, 77) (see Lemma 4.3),

2    ¿TO f A-V(-»" f 9{H, b\ v)(x)f(x)dG(x) dv
JK ->GJ

b*effK '"

can be expressed as a finite number of terms of the form

2    b*Ûjfg(jp,ii)Ff{b*,ùdfL•'i*

where To = j¡Jp depends on A0 G H* and g(J , n) is a continuous function of/,

and /!.

Let Q = MJpNy G <$(Jp). If 7 is a Cartan subgroup of G with dim 7,

maximal, then Q is a minimal parabolic subgroup of G, A/, is compact, and

JK is, up to conjugacy, its only Cartan subgroup. Thus

r,(J)

ff(¿*./0-   I    J(Jp)/20(J'b*^)(f)
(2»)

is, up to scalar multiple, the character of a unitary principal series represen-

tation of G induced from the minimal parabolic subgroup Q.

Otherwise, if dim Jp is not maximal, let Car(G, 7) be a complete set of

0-stable representatives for G-conjugacy classes of Cartan subgroups of L, =

MxJp, Car'(G, 7) = Car(G, 7) \ {7}. In this case, by applying Lemma (4.1) to

7,

voC)

%(b*>u-^$w{9v>b*>Mn

2        ( 9(J,b*,li)(x)f(x)dG(x)),
AeC&r'(G,J)JGA 1

and so, as in Lemma 4.2,

2    b%h)fgUp^)F/(b*,p)d,i
6*6/* ''

= ,, .;(J )/2   2  b*vk)fj(jp,,i)0(j,b;Mf)dvi+i/(jo),
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where

/_ jy,U)+l

7/U)= \'d(Jp)/2    2    b*(jk)

W >'*Jk

X / g(jP, m 2 f  9{J, b*, n)(x)f(x)dG (x) ) dp.

Clearly each of the terms if (Jo) can De evaluated in the same manner as

lf(h0). Further, lf(h0) involved terms corresponding to Cartan subgroups

with dim7p > dim Hp. Each If (Jo) involves only terms corresponding to

Cartan subgroups A G Car'(G, 7) for which dim A > dim Jp. Thus the

process will terminate in a finite number of steps.

Fix a Cartan subgroup 7 of L. Write 7 = JMHp. JM = 7 n M is a Cartan

subgroup of M with Cartan decomposition JM = JKJMp- Write A — JMj).

Define dA on A to be the transport via the exponential map of the canonical

Haar measure on o, the Lie algebra of A. Then since \p = t)p + a is an

orthogonal direct sum, d} (hxh^ = dA(hl)dH (Aj), A, G A, hp G Hp.

Let T, be a set of representatives in ZQ)p) for Z(bp)/Z(bp) n 7¿. Let T2 be

a set of representatives in Z(a) for Z(á)/Z(a) n Z(bp)7^. Let T3 be a set of

representatives for M/M + which normalize JM and centralize Jp.

Note that Z (\)p) and Z (a) are subgroups of the abelian group Z (j^) and so

elements of r„ T2 and T3 commute. Normalize Haar measure on 7¿ so that

for/ G C(7A: n M+),

/      /UKU)= 2   2  f/(v,Y2Â)^(À)-
;An«+ T.er.Tjer^

We will simplify notation by always writing j = y\y2Jkn\h2 for Yi e T,,

y2 G T2,T^ G 7¿, h¡ G A and A2 G 7L„ and abbreviating djo(Jk), dA(hy), and

dH (h2) by 4?A:' *^n and <7A2 respectively.

Lemma 4.3. Let Car(L, 77) be a set of representatives for the L-conjugacy

classes of Cartan subgroups of L, Car'(L, 77) = Car(L, 77) \ {H}. Then

(—\Y'(H)+1fY 1 _

/ECar'(L,H)   L^(M"'w)J   y,erlY2er2
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where

If (J, b*, v, y„ y2) = f & il2JkK)Ff (TW^AX (YaT**,)

x x<yi)r(XXT27*Ai)^/<-I)* djk dhx dh2.

Proof. Using (3.2), (2.9), (3.5), and (3.11),

2 ( 9(H,b*,v)(x)f(x)dG(x)
J<ECht'(G,H)JG

(-l)"(y)
■      2       r'  r^j [4(MGÜ)Ff U)9(H,A*,,)(T)d/(T)

jeC¿(L,H) [W(G,J)} w*w(G.j)tt*       |-W)|

[W(L,7)J

(-l)r'(y)

2      2
yecar'(i,//)  [W(M/m)J Y,erlY2er2

X f ej{- (y2Jkhl)Ff (yaiJk^h2)AfM (y2jkh,)
JJ$XAXH„

X jeiY,)*^-"' 2  r(X)(7372ÀAlY3-1) ¿À A dh2
,er,

yeCar'(L,//)   Lir(Af'-/A/)J  Y,er,y2er2

To expand the sum over Car'(G, 77) to a sum over Car'(L, 77) we use (2.9)

and the fact that for 7, = x¡Jx¡~1, x¡ G G, / = xjx¡~x for j G 7, e¿'(/) =

e*C/), A/CU) = AyO), and Fft/J - ffU)-   Q-E.D.
Fix 7 G Car'(L, H), b*=£x®X<EHK, vG b,*, y, G T„ and y2 G T2.

Write 7(y,, y2) for ^"(7, A*, p, v„ y2). Define a, Z, k, and v as in §2 with

respect to Jf = y27^. Use a* to denote the component of A, in iM(£). Let a+
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denote the positive chamber of i'M(¡) with respect to $+(ac> iji/c) =

*+(8o ic) n *Öo W- Write A + = exp(a+). Let WM = W(M°, 77°), Wz
= W(k~'z, H°). Then using (2.2), (3.5), (3.6), (3.7) (2.3) and (3.9),

'(Ti. Y2) = f t¿C (y2Âhl)Ff (Y,Y27**A)x(Y,)Ay(-I)*
JJ%XAxHp

X      2       àet I^-kaKyxA)       2        deticä(i:iX:o*)
»eWzSW« jeiFfz,;,,)

X exp(j'*"' (/X)(log A,)) <& ¿A, ¿A2

= [W(Z,7M)]      2       det/f ^(y2jkhx)Ff(j)
t^Wz\WM JJ%XAxHp

Xx(Y,)Ay(-lV4-«x)(Y2A)

X ca(7 : tX : o*)exp(^*"'(iX)(log A,)) djk dhx dh2

= [W(Z,JM)}      2       dew       2        deti
t^Wz\WM sSW(Z,JM)

X f Ff(y,y2jkhih2)x(y,)ht-xHk-i{tX)(y2jk)
•'J%XA + XHp

X ca(i : tX : a+)exp(5-yA:"' (¿X)(log A,)) djk dhx dh2.

By definition,

*-V2 = m-V(*"z, ff») ç w(ac, *~\c) = w(z,7M).

Thus using (2.4) we can write

'(Yi,Y2)=   2    det// Ff (yxy2jkhxh2)ht~^X(yx)
t<EtVM ->J^XA + XHp

x4'(A)(y2Á)í(y2 : A : A,) «& ¿/A, dh2    (4.4)

where

i(Y2:X:A1)=[^(Z,7A/)] 2 det sC¡(s : X : a+)

s&w(z,jM)/yk~'wz

Xexv{syk~xX(\oghx)).

Fix A/ > 0. Lx is W(M°, 77^)-stable. If í G W(A/°, 77°), write r • L* -
{/X|X £IXM). Then
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2      2  (x®&)(**)/Va-0'
xez(ï,,)-  ^Lf «

X f 0(77, X, x ® ̂ '. ")(*)/(*)¿g W *
JGJ

(-l)"U)[M/M + ]

[W(M, 7M)] ,e»/(M»,/i»)

det/

x 2    2      2       2    (x®£0('-\)
Y2er2  y,er,  xeZ(y-  xer-'if

X / A-V(-i)^ / ^ (Y,Y2ÁA,A2)Ay<-»'•/f>; jj%xa + xhp

X x(Yi)I*-'(îx)(y2À>(y2 : X : A,) #* ¿A, ¿A2.        (4.5)

Fix y2 G T2 and use the notation of (2.2) for Jf = y27j°-. Then

k~'H° = /» exp^'V^Ta). Write k~'H° = T, J° = Tx and

exp^'V^T a) = r2. Let L* = (X G k~'LH\yX\a = 0 and 4Jr<) = 1). Let
7^ = {2'_,«,a,|/i, G Z, 1 < / < /} where (a,, . . . , a¡) is a set of simple

roots for <&(ac, iM¿)- Let 7,0 = ^* ® y "*V L* and ^"'T^, parameterize the

character groups of Tx/Tx n roT2 and T2/T2 n C(Z) respectively, where

C(Z) denotes the center of Z. * T,/L0 has finite order. Pick representatives

i-,, . . . , Tm G * 'L of the cosets * L/L0. Then every element X0 of LH can

be written uniquely as Xq = *(t* + y 'X + t,), t* G L*, X E Lp, I < i < m,

and the consistency condition £A |r = xlr is equivalent to ¿^ |r = x|r • Let

Z(b,); = {xGZ(b,)1xlr0 = ^k}-°
Write   hk = y0A°,   y0 G Z(\),   A° G 77,°-.   For   / G W(M°, 7/°),   write

k~\rxht) =/,(/)/2(/),   where /,(/) G Tx, j2(t) = exPr'(-^T 72(/))) G

T2, J2(t) G a. Using the above decompositions of X0 and /   lhk, we have:

■V(-Da+'T,)(/2(r))
X9^(r\)  =x(Yo)i.+T,C/,('))e        A     WiV ; (4.6)

4- 'a. ( Y2Á) = it, ( Y2)ír*+T, (Á); (4-7)

5(y2 : X« : A,) = s(y2: ^'X + V, : A,). (4.8)

Thus for fixed / G W(M°, 77$, y2 G T2, with the understanding that all

sums are restricted to / ~ xL¡f,



FOURIER INVERSION 295

2       2    (x®IO('-\)/vv(-'v

X    2    / Ff (yxy2hxh2)hy-»>X{lJ

X &-'(*)( Y2Á)j(y2 : X : A,) djk dhx dh2

= 2 i (y2) / Vv(-1)" f   2 ev(-o(x+ *x*«wy . *-«A + *T/. A\
,=i  n      A; JA + \eL„

x/a^-»"      2      X(Yo)   2    £*+,(/. (0)    2   X(Y.)
Ja>        xez(g;       T*e¿* ?-6r.

X f W, (Â)7/ (Y,Y27tA,A2) <& «%, <*2 «*• (4-9)

Lemma 4.10. Fix i = 1, . . ., m. Then, if the sum is taken over all of L*,

2    x(Yo)  2   4-+T,(/i(0)   2 x(yi)( L>+ri(Jk)Ff(yly1jkhxh2)djk
xez«,,): •*«-• ver, '/I

(voi/|)[r,i
=      rr1       2 4,(Y4)/f (Y2Y4Y07,(0*1*2).

Li4j r4er4

wAere T4 = Z(í)p)J^ n roZ(ct).  7Ae íw/w over L* converges uniformly for

hxh2 G AHp and uniformly for compacta ofjx(t) G (/£)', Aw/ not absolutely.

Proof. Fix A^ G ^77^, and x G Z (&,),"• For 7* G Z(bp)7¿, define

8{jk)=  2  (x^^KY/^Tf (y2y/,A1A2).
Y4er4

Then g is well defined on Z (bp)7^/r4, and by elementary Fourier analysis,

2     x(Yo)   2    £r*+T,(/i(0)   2  X(Yi)f t«+T,(7*)^(YiY27*Ai*2)4(*
xez(U, T*eL* y'er> y*

= 7^ (*®e,()(Yo7i(0) 2 X(Yo)
L  4j xe(z(DP)/r0)-

X 2   t-(/i(0)//Xtl   (x®^)U)f(Á)4
•et« ■'z(6,)./j?/r4

ñk (X ® í, )(Y0/1 (0) 2 **(Yo7, (0)
L  4j **e(z(f,,K/r4)-
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x/ b*(jk)g(jk)djk

[r,](voi7jg)

[r4]

[r,](voi7»)

X®£,(Yo7>(0)s(Yo/i(0)

2   tr,{y*)Ff (y2Y,Yo7,(0*1*2)-
Li4j Y4er4

Here djk on Z(bp)7£/r4 is defined by

2  f f (y Jk)djk= j^t 2   f     0   /(Y4Ä)*

for/GC(Z(b/))7°)-    QED

Lemma 4.11. There is a dense open set 7^* of T2 such that

2 ^(-iXA+'^O))^. ür-x + *T. : Aj)
Aez,3

is   bounded   independent   of   M,    uniformly   for   A,   G A+,   and  for

j2(t) = ^(exp — V — 1 72(/)) in compact subsets of T^.

Proof. LpQ\li = F2. Let T^ = (X G F2\(a, X> * 0, a G <ï>(ac, iMC)}- Let

C„ . . . , Ck be the chambers of T^ for which C, Ç F_ = (X G F2|X(77) < 0

for all 77 G ô+, 77 ̂  0}, / = 1, . . ., k. These are the chambers of F'2 on

which ca(s: ^ (s~xX) : a+) = c(s : s~xCf) is constant, X G C,, and possibly

nonzero. In addition, we need to consider a finite number of "singular

chambers" of the form CXo = {X G F2|X G C + if and only if Xq G C + for

every chamber C+ of F2), for fixed singular Xq G Lp. Let Ck+X, . . ., Cr be

the distinct "singular chambers" for which Cj Ç F_,j = k + I, . . . , r. Then

c4(i : ^''(5_1X) : o+) = c(s : $~lCj) is constant for X <E Cj, k + I < j < r.

Further, c,(j : ^"'(j_1X) : a+) = 0 if X G U;_,C,, Then, all sums being

restricted to '"'X + t,• G *(/"' • L%),

2  eV(-iXA+"r,)(.M<»
*££„ sew(z,JM)/rk-'ivz

detíc8(í :  ky"X+ kr¡ : a+)

Xexpí^X + ^XlogA,))

2 dets'2c(s:s-lCj)     2     e»**^-')*'^«)-^*,),
je W(z,yM)/>*"'wz ' = ' Aez^B

X+'r,ËCy



FOURIER INVERSION 297

Fix s G W(Z, JM) and 1 < / < r. Write log A, + V^T s_172(/) = H. Then

y     e(\+\)(H) = e'r,(H)     y     eA(i/)

x+^eCj x+'t^Cj

is just a geometric sum over a lattice in a convex subset of F2, and its absolute

value can be bounded by a finite number of terms (depending on Cj, but not

on M ) of the form

2|e\>(")|

|1 - ex'(H)\- ... |1 - <A(//)|

where Xq G C} n F_ and where X,, 1 < ¡' < s < /, are integral linear

combinations of a,,..., a,. Let A(7, y2, /) denote the finite set of X, which

arise in the denominators obtained from the geometric sums over Cy, 1 < / <

r. Define 7?(7, y2, /) = {«-Ví-O« e T2\H G a, »/(-»W»"*) + lf s e

W(Z, 7M), X G A(7, y2, /)}. Then if |1 - cos X(j_172(/))| > e for all í G

W(Z, JM), X G A(7, y2, /), we have

2|e*o(")|

H _ eX,(«)| . . . u _ ^.W),       e*

since Re(Xo(7/)) = X0(log A,) < 0, X0 G F_, A, G ^ +.   Q.E.D.

Let H* = (A G 77'| for every 7 G Car'(£, H), t G W(M°, 77°), y2 G T2, in

the decomposition *~'(/_1A£) = j\(t)j2(t),jx(t) G Tx,j2(t) G T2 used in (4.9),

we have/2(/) G Tf(J, y2, /)}.

Lemma 4.12.

JH      (-iy{H)+i[M/M+] (-i)f'U)

VOl77Jf(27T)'/(W') y6Car'(i,//)   [W(M,JM)]

X 2        det/     2      7/(7,/, y2, A0)
/eff(M0,//£) Y2 6Z(a)r0

vvAere

If (J, t, y2, A0)

= / Vv(_1)r /    2 ^ (Y2) 2 *V<-i>ft+W.(»»Ä(y  : *"x + V : A )
\* ^ + , = i   '        xez„

f (voi7°)rr.i
x/ Ay(-'>-—i-F/ (y.yo/.ÍO*,*,) ¿*2 A A.

», L A 4 J
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Proof. By Lemmas 4.10 and 4.11, the sums over L* and Lp are bounded

independent of M, uniformly in v, A,, and A2. Thus the lim^^^ can be taken

inside of each of the integrals. The sums over T2 = Z(a)/Z(o) n Z{\)p)J%

and T4 = r0Z(a) n Z(\)JK = T0(Z(à) n Z (%)J%) have been combined to

yield a sum over Z (o)ro.   Q.E.D.

Using (3.3), (3.4), we have that for A, G A,jk G JK,

f hy-^Ff(jkhxh2)dh2
JHp

(d{Hp) - d(A))/2 _ .
= {2w)  -HoTj- 2    b*(jk)jhx-^-^Ff(b*,lí®v)dií

'K
b'tEj«

(4.13)

where the sum over A* G JK converges uniformly on compacta of J'K, but not

absolutely, and the integral over o* converges absolutely. The integral

2Uy2) 2 e*-»*+w,c.»
-J + ;=l XfELp

Xs(y2 :  *"~'X + kT¡ : A,)Arv(-1)''</A1

converges absolutely also, since the absolute value of the integrand is boun-

ded by a finite number of terms of the form cex<^ogh>\ c a constant (varying

uniformly with e-V(-i)y-/2(') in compacta of TJ) and Xq G F_. (Here

f  ^„(log/,,) dhi= Ca f °° . . .   rr^,r--v, drx- ■ ■ dr,
Ja + Jo Jo

where n, > 0 for 1 < ï < /, eA a constant relating dhx to drx- • ■ dr,.) Thus

we may use (4.13) and then exchange the order of integration to obtain:

r«fi *       u\     n 1       (d(Hp) - d(A))/2
7/(7,/, y2, A0) = (2tt)-

[z(a)-r0][z(a)nz(y]

x/ vv(-*/ ifi^Ut\¥)
\* V

X   2    b*(y0y2jx(t))Ff(b*,p.®v)dp.dv.        (4.14)
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Theorem 4.15. Let A0 = A^A, G 77*. Then

F"(K) - Jn'Xr» £ -to//,-*-»« >'■ -W) *
(-iy(")+1[M/M+]

1

vol HK

/ecar'(z.,//) (2-nfmx>[W(M,JM)}[Z(a)- T0][Z(a) n Z(%)}

x        2 det/     2
/eW(A/°,//£) Y2£Z(a)r0

X 2    **(YoY2/,(0) / VV("°'/ // (72 : -MO : M)

X9(J, A*, ft g> v)(f) dix dv + 7/ (/, A0, /, y2)

where

//(/A^72)=-/Vv(-°'//,"(72:72(/):,x)   2    ¿*(7o727,(0)
•%* •'a*

" b*eJK

X (        2 {  9(J,b*,p® v)(x)dG (X) ) dp dv.

Proof. The theorem follows from combining Lemmas 4.2 and 4.12 along

with (4.14) and then using Lemma 4.1 and 7 in place of 77. It also uses the

fact that

2   ÄTO/ Vv(-!>'/ lf(y2:J2(t):p)9(J,b*,p®v)(f)dpdv

converges absolutely.

5. Proof of Lemma 2.5. It suffices to prove the lemma with 5 = 7 because of

(2.3). If Xq G F+ n L, is regular, and /,(Xo) = 0, then there are elements

Ve^nL, with /,(X') > 0, and so c(7 : Xq) = c(7 : X') = 0. If Xq G L¡, let

F+ be a component of F,' whose closure contains Xq. Then {wF+|w G If"}

are exactly the components of F' whose closures contain Xq, and so c(7 : Xq)

= (l/[Jn)2„e*"C(7:wF+).
Suppose first that there is a root a G 0(ac, ic) sucri that ^ a is a compact

root of (a, b*) and {Xq, a> = 0. Then sa G W, where sa denotes the reflection
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corresponding to a, and

1
2    det w c(w : Xo) = —i—    2    det w  2   c(w.W-1vF+)

= -——    2 2 det w(c(w : w~xvF + )
[ W'j  vf=w' wefv'/{i,sa)

— c(wsa : saw~lvF+ )) = 0

using (2.4), since sa G W(Z, yk"HK).

Thus we may assume that

^V(Xo) = ^",{aG<D+|<X0,a> = 0}

consists entirely of singular imaginary roots of (a, b*)- As a consequence, if ßx,

ß2 G $+(Xo), then <ff,, ff2> = 0 and no other element of $+ is in the linear

span of ff, and ff2. For a G 4»+, let Ha = (X G Fa|<a, X> = 0}.Then if v G

W and a G (^+(X0), Ha is the only root hyperplane separating vF+ and

savF + .

Let F_ = {X G Fä|/,(X) < 0, / = 1, . . ., /}. Suppose wx,...,wr are the

elements of W' satisfying F, = w,F+ Ç. F_, 1 < / < r. F, U • • • U Fr is a

convex set, bounded by certain hyperplanes Ha, a G 4>(ac, ic)- Since Xq is not

in the interior of F, u • • • Li Fr which is contained in F_, X0 is in at least

one hyperplane Ha¡¡ bounding F, u • • • U Fr. Then s0 = sa¡> G ff" and %F,

g F_, / = 1, . . . , r. Thus

2    del w c(w : Xq) = -——    2    det w  2   c(w:w~ivF+)
we»" L **J   w&w ter

= -——        2 det w
[W'\    w(E{I,s0}\W

x        2        [c(w '• w~xvF+) + c{w : w-\vF+)
vB{I,s0}\W

— c(s0w : w~\vF+ ) — c(s0w : w~lvF+ )1.

If neither vF + nor s0vF + is contained in F_, the quantity in brackets is zero.

Thus we may assume vF+ C F_. Then s0vF+ ÇL F_ and so

c(w : w~xs0vF+) = c(s0w : w_1t>F+) = 0.

Write s0 = sx ■ • ■ sk as a product of simple reflections with k minimal, s¡

the reflection corresponding to a/(l), 1 < /(/') < /. Note that Ar will be an odd

integer. Let T, G \p be a semiregular element of j corresponding to a/(l),

b£ = i and br~ = i, the corresponding Cartan subalgebras of a [8, §1.3.4].

Let a, be the centralizer in a of (\,)k. Let j,+ be the chamber of i,+(a,)

containing T¡. Write c¡(s : uF+) for cb(s : uF+ : i,+), s,u G W(ic, \ç).
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It follows from [1(d)] that

k

c(w : w~lvF+) = 2 (-l)'+1(c'(J' + > ' ' ' J*w : w~*vF+)
1 = 1

+e,(s,sl+l ■ ■ ■ skw :w~lvF+))

and

k

c(s0w : w-\vF+ ) = 2 (- l)'+'(c'('s' ' ' ' skw '• w~ls0vF+ )
i = i

+ c,(sl+1 ■ ■ ■ skw: w~lvF+)).

We claim that for each / = 1, . . ., k,

<*('/+! ■ ■ • skw. w~xvF+ ) = c,(i,+1 • • • skw : w-V^+ )

and

ci(si ' " " J*w : w~lvF+ ) = c,(s, • • • skw : w~\vF+ )

so that c(w : w~lvF+) = c(j0w : w~ls0vF+). We will show the first equality.

The second follows from a similar argument.

To prove the equality, it suffices to show that no hyperplane 77^, ff G

4>(â,c> ic) separates sk+x ■ • ■ skvF+ and sj+x • ■ • sks0vF+ = s¡ ■ • • sxvF + .

Suppose such a root ff exists. Let ff ' = sk • • • si+, ff. Then Hß, separates vF+

and sQvF + . But 77ao is the only hyperplane separating vF+ and s0vF+, so

that a0 = ff', and ß = si+x- ■ ■ ska0. Since ff G 4»((a,)0 ic). <ft «/«> = °

and ff = j, + 1 • • • i^ao = í,j,+1 • • ■ ska0. But since sx ■ • ■ sk is a reduced

decomposition of s0 into simple reflections, this is impossible.   Q.E.D.
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