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FOURIER INVERSION OF INVARIANT INTEGRALS
ON SEMISIMPLE REAL LIE GROUPS
BY
REBECCA A. HERB

ABSTRACT. Let G be a connected, semisimple real Lie group with finite
center. Associated with every regular semisimple element g of G is a
tempered invariant distribution A, given by an orbital integral. This paper
gives an inductive formula for computing the Fourier transform of A, in
terms of the space of tempered invariant eigendistributions of G.

1. Introduction. Let G be a connected semisimple real Lie group with finite
center. Let g be the Lie algebra of G, g its complexification. If G is the
simply connected complex analytic group corresponding to g., we assume
that G is the real analytic subgroup of G corresponding to g.

Let g be any regular semisimple element of G. Associated with g is the
tempered invariant distribution A, given by f> A, (f) = Ff” (8), f € C2(G),
where H is the unique Cartan subgroup of G containing g and F/” is the
invariant integral of f relative to H defined by Harish-Chandra [1(a)).

The purpose of this paper is to give explicit formulas for the Fourier
transform of A,. That is, we determine a linear functional A such that
A() = A 2 H, f € C>(G). Here f is defined on the space of tempered
1nvar1ant engendlstnbutlons of G which includes, for each conjugacy class [ H]
of Cartan subgroups of G, a series of tempered invariant eigendistributions of
G parameterized by the unitary character group H of H. These series include
the characters of the discrete series representations of G (if G has a compact
Cartan subgroup), the characters of the unitary principal series repre-
sentations induced from each cuspidal parabolic subgroup of G, and certain
“singular invariant eigendistributions” which can be interpreted as alternating
sums of characters [3].

The Fourier inversion formula was computed in the case that G has real
rank one by P. Sally and G. Warner [6], and in the case that G has real rank
two by the author in her Ph. D. thesis [2], written under the supervision of G.
Warner. In the real rank one case, Sally and Warner use the inversion
formula to compute the Plancherel formula for G. Also, D. Ragozin and G.
Warner have recently used the inversion formula for real rank one groups,
together with the Selberg trace formula, to obtain information on multiplici-

Received by the editors October 5, 1977.
AMS (MOS) subject classifications (1970). Primary 22E30, 43A30.

© 1979 American Mathematical Society
0002-9947/79/0000-0202/$06.50

281



282 R. A. HERB

ties of irreducible representations of G in L%T \ G), T a co-compact discrete
subgroup of G [5].

The method of computing the Fourier transform for general groups is an
extension of that used by Sally and Warner in the rank one case. However,
there are two problems in computing Fourier inversion formulas for groups G
of real rank n > 1 which do not occur when n = 1, or when n > 1 but G has
at most one conjugacy class of Cartan subgroups [H] for each possible
dimension of H,, the vector part of H.

For n = 1, a Fourier inversion formula can be obtained for any regular
semisimple element of G. The same is true when n = 2. However, there are
cases when n > 3 (for example, Sp(3, R), the real symplectic group of rank
three) in which certain integrals involved in computing the Fourier inversion
formula for F/(h,) diverge for certain regular elements hy, € H'. However,
the Fourier inversion formula is still valid on a dense open set H* of H.

A second problem which occurs when n > 2 is that in the final formula for
the Fourier inversion of Ff” (hy), the coefficients of 8 (f), for some tempered
invariant eigendistributions 6, are complicated expressions involving infinite
sums which converge, but not absolutely, and have no obvious closed form.
Thus they cannot be directly differentiated, term by term, to obtain a
Plancherel formula for G. It is hoped, that in working with a specific group G
of rank > 2, the Fourier inversion formulas can be greatly simplified.

In §2, the series of tempered invariant eigendistributions associated with
each Cartan subgroup of G is described. In §3, Haar measures on G and its
subgroups are normalized, the invariant integral is defined, and formulas
which will be needed in §4 are listed. For convenience, for many definitions
and results we refer to [8). In §4 the main theorem of this paper, which can be
used to obtain the complete inversion formula for F}” (hy), H any Cartan
subgroup of G, h, € H*, is proved. In §5, the proof of a technical lemma
from §2 is given.

I am indebted to Paul Sally and Garth Warner for many helpful
suggestions.

2. Tempered invariant eigendistributions on G. Let G and g be as in §1. Let
g = [ + p be a Cartan decomposition of g with Cartan involution 4. Let K be
the maximal compact subgroup of G corresponding to f. Let H be a f#-stable
Cartan subgroup of G with Lie algebra ). Then ) and H have decompositions
b=b+bh,b=bntLbh,=bnpand Hy=HH,H =HNK H,=
exp(h,).

Let P € P (H,), the set of parabolic subgroups of G with split part H,. Let
P = MH,N be the Langlands decomposition of P. Let L = MH,. M and L
are reductive subgroups of G, but need not be connected or acceptable, and
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H, is a compact Cartan subgroup of M. (If H = H is a compact Cartan
subgroup of G, then P = M = G.)

To each unitary character of H will be associated an invariant eigendistri-
bution of G. These will include the characters of the principal series repre-
sentations of G induced from P, along with certain “singular characters”.

Let L, = {A € V—1Db¢lé(exp H) = exp(M(H)), H € },, extends to a
well-defined character of Hp, the identity component of Hy}. L is a lattice
in V — 1 bg. Corresponding to each A € L, there is an invariant eigendistri-
bution T(A) defined on MY the identity component of M [1(d), (e)]. If
AeLy={(A€Ly\a)+#0 for all a € B(ing, )} where B(ng, b0
denotes the set of roots of the complexified Lie algebra m¢ of M with respect
to bc, then T'(A) is, up to a sign, the character of a discrete series represen-
tation of M. If A € L}, = L, \ L}, T(A) is an alternating sum of characters
which are “limits of discrete series” [3].

For any reductive group G and Cartan subgroup H, define W (G, H) =
Ng(H)/H where Ng(H) is the normalizer of H in G. For G acceptable,
define AY, as in [8, §8.1]. M and L need not be acceptable, but M° and L° are.
If J is a Cartan subgroup of M or L we will write AY and AL with the
understanding that these are well-defined on J N M° and J N L° respec-
tively.

Let H' = H N G’ where G’ denotes the set of regular elements of G. Then
the formulas for T(A) on M? are given as follows. (See [1(d)].)

TMW(h) =85 (h)™ 2 detwéy(h),
weW(MO HR)

hoeH NM. (1)
Let J = J,J, be a f-stable Cartan subgroup of M°. Pick a connected
component J;* of J. Let k € K N MO satisfy kJ,*k~' C HP. Let 3 denote
the centralizer in m of J,*, Z the connected subgroup of M° corresponding to
8- Let i'(3) = {H € j,|a(H) #* 0 for all a € B(3; ic)}- Let i, be a connect-
ed component of j(3), J,* = exp(j;). Let y € Z satisfy Ad(yk~"Wbio) =

ic- Letj = jyj, € J',jyx € J;*,J, = exp(H,) € J,*. Then

TN ip) = 85 (ip) ™' 3 det t£, (i)
rew(“Z, HR)\W(M®, HY)

X X detsc,(s: A: i Jexp(s” (A)(H,)). (22)

SEW(Z,J)
The c,(s: A: j,) are constants satisfying:
c,(s's: A 5'17) = ¢, (s: A dy), s EW(ZJ); (23)
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(s u i if) = c(s:uhi iF),  we W(“Z, HR). 249

Fix J;* and j. Let F, = P*'MA € V = 1{}) and L, =" "'L,,. Set F, =
{A € F[<a,\) # 0 for all @ € P3¢, ic)}- L, = L, N F; is called the set of
regular elements of L, L; = L,\ L, the set of singular elements. For A € L,
we will write (s : A) for ¢,(s : ® A :j}). Then for A € L, the constants
¢(s : ) are uniquely determined since the terms exp(sA) are linearly inde-
pendent on J’ for s € W(Z,J). They depend only on the connected
component F* of A € F,. Write ¢(s : A) = ¢(s : F*) whenA € F*.

If A € L], there exists some s % 1 in W(Z, J) for which sA = A. Thus the
constants c(s : A) are not uniquely determined. Let F,,..., F, be the
connected components of F, with AEF, i=1,...,k. Then Harish-
Chandra defines the constants c(s : A) by the average,

| &
c(s:N) =% glc(s : F)

[1(e)]. In order to prove convergence of certain integrals in §4, it is necessary
to make a different, but equivalent, definition for certain singular A.

Let ®* = {a € O(3¢, i)|a(H) > 0 for all H € i, ). Let {ay, ..., )} be
the set of simple roots for ®* and {H,, .. ., H,} the dual basis of j, defined
by o;(H)) = 8,. Then j; = {S\_,rnH|r,>0,i=1,...,/}.ForA€EL,s €
W(Z,J), write s\ = A,(sA) + = _,1,(s\)a; where A,(sA) € i% assumes purely
imaginary values on j, and f,(sA) are real numbers, 1 < i < /. Then ¢(s : A)
= 0 if Re(sA(H)) > 0 for any H € j; [1(d)], so c(s : A) = 0 if £,(sA) > O for
any 1 < i< L

LEMMA 2.5. Fix Ay € L, s € W(Z,J), and suppose t,(s\) =0 for some
1< i<l Lt W ={w€E W(Z,J)|wshg = s\o}. Then

> detwe(ws:Ag) =0.

weW’

Since the proof of Lemma 2.5 is long and technical we defer it to §5.

COROLLARY 2.6. Suppose t;(s\) = 0 for any 1 < i < l. Then if X is regular,
c(s : A) = 0, and if \ is singular, we may redefine c(s : A\) = 0 without changing
any of the properties of the constants c(s : ).

For A € Ly, let e(\) = sign I, co+(mg, 5,0 @ A)- Let ¢ =3 dim(M/M n
K). Then for A € Ly, (—1)%(A)T(A) is the character of a representation of
the discrete series of M°. For A € L}, if wA = A for w # 1 in W(M°, HD),
then T(A) = 0. Otherwise, T'(A) is the alternating sum of characters which can
be explicitly embedded in a certain reducible unitary principal series repre-
sentation of M° [3].
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Let Z(,) = K N exp(V — 1 b,). This is a finite Abelian group generated
by elements of order two, and Hy = Z(h,)HR. Define M* = Z (b,)M". 0 Let
p(m, b) = 1Za, a € ®*(mg, b,c), and Ty = Z(H,) N H. Let H, denote the
set of all pairs A € Ly and 7 € Z(b,)" such that Lo = & — pmpylTo- Then
given (A, n) € Hy there is an invariant eigendistribution T(A, n) on M with
support on M * given by:

TAm)(m)=n(z) 2 TA)(ymy™),

YEM/M*
z€Z(y,), meM’. (27)

(See [9].).

For any Cartan subgroup J of M, representatives y for the cosets of
M/M™* may be chosen so that y normalizes J and centralizes J,- In
particular, for b, € Hy, T(A, 1) has the simple formula

T\, m)(zhe) = n(2)A, (k)™ GW(ZM . det wE,, (he),

z € Z(Y,), h € H. (2.8)

This formula is obtained from (2.7) using the fact that W (M, H,) is genera-
ted by W(M? HQ) and conjugation by certain representatives of the cosets
of M/M™.

There is a one-to-one correspondence between pairs (A, ) € HK and
elements b* € Hy given as follows. Elements of Hy are of the form x ® £,
where x € Z(H,)", A € Ly, and x|Ty = §|T,. Let £, = £, p(6, ) = 320,
a € ®*(ge, bO). If X ® £, € Hy, then (\, £;' ® x) € Hy as &' ® xIT, =
& -p@lTo = &r—pm, 1;,‘)|Fo Conversely, if A, n) € HK’ then x =7 ®§, €
Z({,) and x®¢, € HK For b*=x®¢, € HK, we write T(b*) for
TA &' ® ).

Each character of H, is of the form AY(""" = exp(V—1»logh,), h, €
H,ve I)e‘, where log: H,—DY, denotes the inverse of exp: b, — H,. Given
(A, m) € Hy and » € b}, there is an invariant eigendistribution 8 (H, A, 7, »)
on G with support on the closure of U G’, J a Cartan subgroup of L, where
GJ = Uxer"' _"

For any Cartan subgroup J of L, letJ = J,, J,, ..., J, be a complete set
of representatives for distinct conjugacy classes of Cartan subgroups of L for
which J; is conjugate to J in G, i = 1, . .., k. (If M is acceptable, k is always
one.) Let x; € G satisfy J; = x,Jx;”! and for j € J, write j, = xjx;”'. Then
forj e J’,
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k 1 .
O(H A7) = 2 [WEL )] |A50)

X 3 |AGOu)T O mOulM)(wilH,) T (29)
we W(G,J;)

where for j € J; = (J; N M)H,, j|M and j|H, denote the components of j in
J; N M and H, respectively (see [7]). Note that A’“ is defmed on J; n L° only.
However |A"| makes senseon all of J.. If j € J,, j = 2% z € Z(,), P EJN
L |A"(z;°)| is defined to be |AL(]0)' This is well defined as A"(zf’) =
+A’“(_/") for z € Z(,) n L°. For b* = x®& EHy, vE I);, write
0(H b*, v) for 0 (H, A, £H ® x, »).

When A € Ly, (—1)%@A)0(H, A, n, v) is the character of a representation
of the unitary principal series of G induced from P. If A € L}, (H, A, 0, »)
is zero, or is an alternating sum of characters which can be embedded in a
reducible unitary principal series representation associated to a different
cuspidal parabolic subgroup [3].

3. The invariant integral. We must first normalize various invariant
measures on G. For each Cartan subgroup H of G, let x —» % denote the
canonical projection of G onto G/H. Normalize the G-invariant measure
dg,u(%) on G/H as in [8, §8.1.2]. Let H' be a fundamental #-stable Cartan
subgroup of G with Cartan subalgebra h!. Write H' = H,(Hl Normalize
Haar measure on H' as follows. If h = hh, € H', h, € Hg, h, € H), ! let
dyi(h) = dyy(h)dyy(h,), dyy the Haar measure on H}! assigning 1t total mass
one, dy, the Haar measure on H, ! which is the transport via the exponential
map of the canonical Haar measure on I)' associated with the Euclidean
structure derived from the Killing form on G Then a Haar measure on G is
fixed by

J sy = [ [ S(xk () ()

forall f € C.(G).
A Haar measure on each §-stable Cartan subgroup H of G is then fixed by
requiring that for all f € C_.(G),

J 0o x)= [ [ SCxh)d (B (3).

Write H = HygH,. Let d; be the Haar measure on H, which is the transport
via the exponential map of the canonical Haar measure on its Lie algebra b,
Normalize Haar measure on Hy so that dy(hgh ,) = d,,x(hx)d,,,’ (h,), hy €
Hy, h, € H,. Let vol(H) denote the total mass of HK.

For any #-stable Cartan subgroup H of G, h = hyh, € H',w € W(G, H),
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define ef (h), ef (w), and ¢/l (h,) as in [8, §8.1.1). For f € C*(G), h € H',
the invariant mtegral of f relative to H is defined by:

F (k) = e (WAGR) [ (xhx™) dgym (3) @3.1)

Then F,” € L'(H) and is C* on H'. Further, there is a compact subset of H
off which F/ vanishes. Let G¥ = U ,cxH'x " ". Then from Weyl’s formula
it follows that

-1 ——
S (x) =[W(G, D] [ &f () BG(h) EF' (W) (h)
fECP(G). (32
For b* € ﬁK, v € by, we define the Fourier transform of F,” at (b*, v) by
Ef 5%y = @momn 2 [ EE ()b (kY d, (h)dy, ().

X
3.3)
Then since F/ € C*(H"), for h = h.h, € H' we have
F} (hk p) =27 )_d"'rl b’/z(vol H )_ 2 b*(hk)f Ff (b*, v)h v(=Dr g,
b*e Hy
34

for a suitable normalization of Haar measure on by and a suitable definition
2 p+ e i, Which will be made later.

We will need the following facts taken from [8, Chapter 8]. Let w €
W(G, H), h = hh, € H'. Define M corresponding to H as in §2. Then:

AG (wh) = det wAS (h); (3.5)
edl (wh) = eff (w)el! (h)el (h); (3.6)
FH (wh) = det wel (w)eX (B )EF (h); (3.7)

ag (k) = (- 1)""ag(h), (3.8)

where r,(H) is the number of elements of ®* (g, o) taking purely imaginary
values on §.

Let H;* be a connected component of Hy, 3 the centralizer in g of H,*. Let
D* (3¢ b)) = @ (8o H0) N P> bo)» and let by = (H € h,|la(H) > 0 for
alla € ®* (3¢, bo)}). Then

e (hh) =1 forh € H, h, €5 (39)

Fix an ordering on the roots of ®(g¢, bc) so that for a € ®(g¢, he) which
does not take purely imaginary values on §, a is positive if and only if a° is
positive. Hence a®(H) =a(o(H)) for all H € h, and o denotes the conju-
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gation of g with respect to g. Let ®* (¢, b0 = ®* (g Ho) N P, Ao
Then with respect to these orderings,

. { Ag (yhkhp)
sSigny ——————

&Y (h) } = &5 (Yhh,)ex (7)

fory € Z(b,), b € (HR),h, € H,. (3.10)

Here &, = £p(g,b) as in §2. Further, if J is any Cartan subgroup of L,
Ju =J N M, thenfory € Z(9,),j,y €EJ' N M h, € H,,
AF (Ynh,) . .
signi ————— t = ez (Yinhp)ex* ()& (¥)- (3.11)
4;,Um)

Here § =£,,; and el is defined with respect to M and J,. Again,
®*(gc, ic) is chosen so that for a € ®(gc, ic), « not taking purely imaginary
values on j, a is positive if and only if a® is positive. ®*(mg, i MI =
®* (8¢, ic) N PMc, in)-

4. The Fourier inversion formula. Fix a #-stable Cartan subgroup H of G.
Let M be as in §2. Let Car(G, H) be a complete set of §-stable representatives
for the G-conjugacy classes of Cartan subgroups of L = MH,. Let
Car'(G, H) = Car(G, H) \ { H}. Let £, and r,(H) be as defined in (3.10) and
(3.8) respectively. Set d(H,) = dim b,.

LEMMA 4.1. Let f € C2(G), b* = x ® &, € Hy, v € h?. Then
1:-}H (bt’ ,,)

l‘,(”)
(=1

- W {G(H, >\, x®£ﬂ_l,'v)(f)

-3 [ (A x® e R,

J €Car(G, H)

PROOF. Since § = (H, A, x ® &, ») has support on U ccar, H)GJ’

0N =[0I = T [ 0(3)f(3)de ()

J €Car(G, H)

Using (3.2), (3.8), (2.9), (3.10), (2.8), and (3.3) respectively, we have
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fG B (x)f(x)d (x) =[W (G, H)] f H (h) A (k) F (k)8 (h)dy (h)

= ()" [w, H)] (w6, H)] ew%G ")

e ()|

|A (hkh,,)|
XTA, x®¢&;! )(th)(”’h )v(_l)’dﬂk (he)dy, (h,)
= (-1)""[wM H)] 2 S FF (k)

X fH er (A )AR (hch) B (heh,) ————

X ( > det ng(th))X(Y)hQ/ =d,, (m)dy, (hy)

we W(M, HK)
= (=" my!EIEE (5%, v),
where Z' = Z(Y,)/Z(9,) N HY. QE.D.

In order to consider the Fourier series of F} , we must make precise the
type of convergence used relative to HK Let {B,, ..., B} be the set of
simple roots of ®*(mg, b,c) Let {A, ..., A} be the basis of V—1 by,
satisfying 2<A;, B>/<{B, B> = 8;, 1 < i, j < r. Then L, = (2. ,mA,|m; €
Z}. For any positive integer M, define LY = {Z/_mA,| — M < m; < M,

1<i<r).Givenx € Z(h,),let L, = {A € Lyl¢,|r, = x|,-o} To=2Z@®,)N
H. LetLY =L n LY. Then summablhty relative to Hy is defined by

2 =Jm ¥ .
b*€ Hy ® xez(y,) AeLl
LEMMA 4.2. Let hy = hh, € H'. Then
(=" -
Ff! (ko) = 2 b*(h)
s \"o k
vol Hy (2m)*™») 7.

x [ by VB (H, b, v)(f) dv+ I (ho),
0

where
( _ l)r,(H )+1

b b(hk)fh ve-or

b‘EH

IH (ho) =
7 (o) = 35 H, (2m)4 )

x{ S [ e ")(x)f(x)dc(x)]

J €Car(G, H)
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PRrOOF. Use (3.4) and Lemma 4.1. Since
S B [ hVC0(H, b)) d
b

b*eHy
converges absolutely the result is clear [1(d)), [9]. Q.E.D.
The remainder of §4 is devoted to an analysis of I,” (hy). The main result of
this paper is that there is a dense open set H* C H’ such that if h, € H*,
then for J = JxJ, € Car' (L, H) (see Lemma 4.3),

S B0 [ BV [ B(H, b v)(x)f(x)dg (x) db
. b2 G’

b*e Hy

can be expressed as a finite number of terms of the form

S 50 [ 8 E (5% n) dp

b*edy T

where j, = jij, depends on hy € H* and g(jj,, p) is a continuous function of Jp
and p.

Let 0 = M\J,N, € 9(J,). If J is a Cartan subgroup of G with dimJ,
maximal, then Q is a minimal parabolic subgroup of G, M, is compact, and
J is, up to conjugacy, its only Cartan subgroup. Thus

(_ 1)’1(-’ )
Qnf R 0(J, b*, p)(f)
is, up to scalar multiple, the character of a unitary principal series represen-
tation of G induced from the minimal parabolic subgroup Q.

Otherwise, if dim J, is not maximal, let Car(G, J) be a complete set of
0-stable representatives for G-conjugacy classes of Cartan subgroups of L, =
M,J,, Car'(G, J) = Car(G, J) \ {J}. In this case, by applying Lemma (4.1) to
J,

F/ (b* p) =

. (_ l)r,(J)
5 60 = o low, %m0

- S [ 008 () )

A€ECar(G,J)
and so, as in Lemma 4.2,
2 5 f .80 w)E} (b, p) dp
breJy Ip

_ oy
o S F00 [ sl U b m) it 1 o)

= 4(J,)/2
(Zﬂ) (p)/ b‘G.iK
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where

(_ 1)r,(.l)-l»l
I (o) = PEvTAY: 2 b*()
( '”) b‘EjK

X fi.g(f}» u)[ ) f 8(J, b*, u)(x)f(x)do(X)}du

AECar(G,J)

Clearly each of the terms If’ (Jo) can be evaluated in the same manner as
If”’ (hg). Further, If" (he) involved terms corresponding to Cartan subgroups
with dim J, > dim H,. Each I/(j,) involves only terms corresponding to
Cartan subgroups 4 € Car'(G, J) for which dim 4, > dim J,. Thus the
process will terminate in a finite number of steps.

Fix a Cartan subgroup J of L. Write J = Jy H,. Jy, = J N M is a Cartan
subgroup of M with Cartan decomposition Jy, = JxJy,. Write 4 = J,, .
Define d, on A to be the transport via the exponential map of the canonical
Haar measure on a, the Lie algebra of 4. Then since j, =, + a is an
orthogonal direct sum, d; (h,h)) = d,(h)dy (h), h) € A, h, € H,.

Let T, be a set of representatlves in Z(h, ) forZ(y,)/Z (b )N JK Let T, be
a set of representatives in Z (a) for Z(a)/Z(a) N Z (I)p).l 2 Let T'; be a set of
representatives for M/ M * which normalize J,, and centralize J,,.

Note that Z (f),) and Z (a) are subgroups of the abelian group Z G p) and so
elements of T, T, and T'; commute. Normalize Haar measure on J¢ so that
forfe CUgNn M),

’l;xn JU0d, (i) = 2 2 f F(riv2i)dsg Gie)-

1 €T r,€Ty

We will simplify notation by always writing j = v,v,jihh, for v, €T},
72 € rz, jk (S JKO, hl € A and h2 € Hp, and abbreviating sz(—ik)’ dA (hl)’ and
d,,,p (h,) by dj,, dh,, and dh, respectively.

LEMMA 4.3. Let Car(L, H) be a set of representatives for the L-conjugacy
classes of Cartan subgroups of L, Car'(L, H) = Car(L, H)\ {H}. Then

( r,(H)+l[ 3]

vol Hy (2m)* (%)

17 (ho) = S B [

b‘EH

s OV s s e
X - - ’ sV Y Y
JE€Car(L, H) [ W(M’ JM)] 71 €T, v,€T, 4 b
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where

I (J,b% v, 1, 72) = f . e (Yodkh )} (Y1Y2dkhiho)BY, (Y2chy)
JRXAX H’,

X X()T M) (Yojchi)ny ™" diy dhy dhy.

PRrOOF. Using (3.2), (2.9), (3.5), and (3.11),

> fG O(H, b*, v)(x) f(x)dg (x)

J €Car(G, H)

_ 2 (_l)’IU) f_] .AG.FJ(.po‘ NdI(i
yecl m ———[W(G, Y JeR(-/) 5 ()F (/)8 (H, b*, v)()) & (j)

_ GO S A50)

-JeCa§(L,H) [W(G,J)] WGVEG,J)[’ 2 0) |AF ()|
J [ s IA-%(WJ)I * . . v(=Dv ,.
X F (J) m T (b*)(wi|M)(wj|H,) dj

-n"”

secar(s, Hy [W(M, Jy)] vier, ver,

X g™ (Yszhl)FfJ (YIYijhth)Ax, (Y2Jkh)

JEXAXH,

X X(Yl)hy(-l)’ > T()\)(Yﬂzjkhﬂs—l) dj; dh, dh,

v:E€T;

r,(J)
("1)' [1‘3]
= — > ¥ IF(J, b5, T2)
secarL, 1y [W(M,Jy)] vier, vier, ! b

To expand the sum over Car'(G, H) to a sum over Car'(L, H) we use (2.9)
and the fact that for J, = xJx !, x; € G, j; = xjx”" for j € J, () =
&4 (), A5 (j) = A()), and F/(j) = F/(j). QED.

Fix J € Car'(L, H), b* =¢§, ®xE Hy, vEDY}, v, ET, and 1, €T,
Write 1(y,, v,) for IJHU’ b*, v, v,, v,). Define 3, Z, k, and y as in §2 with
respect to J;* = y,Jx. Use a* to denote the component of 4, in j),(3). Let a*
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denote the positive chamber of j)(3) with respect to ®*(3c, ipo) =
O* (g ic) N PGe i) Write A+ = exp(a*). Let W, = W(M°, HY), W,
= W(*"'Z, HY). Then using (2.2), (3.5), (3.6), (3.7) (2.3) and (3.9),

I(v;, 7)) = sit(” (Yzjkhl)F}, (Y]Yszhlhz)X(Yl)hY(_l)'
JEXAXH,

X X detthom(vad) D detsc,(s:fA:a*)

tEWZ\Wy SEW(Z,Jy)

X exp(s”* " (1\)(log hy)) dj, dh, dh,

=[W(z,Jy)] 2 de”f &g (Y2ih)) F (J)
I1EW\W), ng"XHP

Xx(Y1)hY - n(Y2di)
Xc,(I:1\: a*)exp(s”‘_'(t)\)(log h,)) dj; dh, dh,

=[W(Z )] S detr T dets
LEWZ\Wy SEW(Z,Jy)

X Joxa+ ><H,,Ffj (Ylyzjkhlh2)X(71)h¥(_I)’gk"(t)\)(‘Yij)
Xc,(s : I\ : a*)exp(s”* "' (1\)(log h,)) dj, dh, dh,.
By definition,
W, = W (T Z, HY) € W(se, 7 ic) = W(Z, In).

Thus using (2.4) we can write

I(ypv2) = 2 dett xHFfJ (V172dimb)hY < P"x(1y)
P

tEW)y, JAO'XA+

X &-1ay(Yade) S(2 : 1A 2 hy) djy dhy dh,  (4.4)
where

s(v:A:h) =[W(Z,J)] | 2 detsc,(s: A:a*)
SEW(Z,Jy)/ ‘W,

X exp(s **"'A(log hy))-

Fix M >0. L, is W(M° Hy)-stable. If t € W(M°, HY), write - L} =
{tAIN € LY}. Then
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S S &®RIG [V

x€Z(5,) AELY
x fG O(H, N, X ® &7, 7)(x)f (x)do () v

rnJ) +
_ (=) [M/M"] > det ¢
[W(M’JM)] IEW(MO’HI?)

X > X > > x®&)(t7 ')

72€02 €T yez(p,) A€ 'Ly

X | p=v(=D»r F’ i hh )Ry (D»
fb‘ p -[I,?xA*xH,, f ('Yl‘Yka 1h) Y

P

X X(Y)ée-1an(Y24i)s (12 2 A & hy) dj, dh, dh,. 4.5)

Fix y, €T, and use the notation of (2.2) for J;* = y,J2. Then
KHY = J2 exp 'V =1a). Write * H® =T, JQ =T, and
exp ' V—T1a)=T, Let L* = (A€ *'Ly|’A\}a =0 and § |r, = 1}. Let
L, ={Z_majn, € Z, 1 < i<} where {a,...,a]} is a set of simple
roots for ®(3c, iyc)- Let L= L* ® > 'L,. L* and ” 'L, parameterize the
character groups of T,/T, N T,T, and T,/ T, N C(Z) respectively, where
C(Z) denotes the center of Z. % 'L/ L, has finite order. Pick representatives
Tis«+.»Ty € 'L of the cosets *"'L/L,. Then every element A, of L, can
be written uniquely as A\, = ¥(r* + 7 A + 1), 7* € L* A € L,1<i<m,
and the consistency condition §, |r, = x|r, is equivalent to £k,i|l“o = X|r,- Let
Z(b,); = {x € Z(,)Ixlr, = & Ir,}-

Write h, = Yvohi, Yo € Z(Y,), hY € HQ. For t € W(M°, HY), write
K hY) = (e, where ji(t) € T, jt) = expl”'(~V =T J(1) €
T,, Jx(t) € a. Using the above decompositions of A, and ¢~ 'h,, we have:

x® &, (1) = x(10) Eery r@)e VO )
gk-'xo (v2di) = gy,i (72)§'+n(fk); 4.7)
s(¥2: Aot ) = s(vp: PTN+ Fr i hy). (4.8)

Thus for fixed t € W(M° Hp), vy, € T,, with the understanding that all
sums are restricted to ¢ 'L},
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3 S ®&)( k) f ‘h;VH"
x€Z(y,) A€t 'LY b

X f}’ (7172h1h2) hY “P"x(1,)
n €T, JRXA* X H,

X & on(Y24i)s(v2 2 A ¢ hy) djy dhy dhy

= z; g),'i(yz)J;"h;V(—l)rL > eV(-DA+ m)(Jz(:))_,).(.Y2 T\ 4 kp, : hl)
- p

*AelL,
X[ B B xr) 2 Ee, i) 2 x()
H, x€Z(,) T*EL* ne€r,
X _[logr‘ﬂi U F (nadchihy) dji dhy dh, dv. 49)

LEMMA 4.10. Fix i = 1, ..., m. Then, if the sum is taken over all of L*,

S x(t0) D Een () 2 x(v) f, Lo raGOF/ (rntafihiby) di

XE z(bp),-‘ Lad =P Ad Y1 EI‘.

(vol J)[T,]
= — 2 £,,_(‘Y4)f}l (Yz'Y4Yojl(t)hlh2)’
[r4] Y4ET,

where T, = Z (bp)J,? N ToZ (a). The sum over L* converges uniformly for
h\h, € AH, and uniformly for compacta of j\(t) € (J 2y, but not absolutely.
ProOF. Fix hh, € AH,, and x; € Z(Y,),". Forj, € Z (bp).l,?, define
g(J) = 2 (Xx ® er,)(Y]k)F}, ('YzYikhlhz)'

v4€T,

Then g is well defined on Z (9,)/, 2/T,, and by elementary Fourier analysis,
S x0) 2 &G0 2 xm) [ e GOF (nraichi) di
1€l

xez(bp), T*€EL*

=L %®)oh@) = x(v

[T.] x€(Z(v,)/To)"
IR N SIS CAL AL
1

T (x ®&,)(v0i1 () p) b*(v0s1 (1))
[ 4] b e(Z(5,)I8/Ts)
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X b*(i . d.‘
Sypra et G020 i
[T,](volJR)
- [nd]

T,](vol J2
- [—][(I,o]—l ér ¢ (YOF (Y211Y0)1 (8) 1 hy).-

Here dj, on Z (5,)J2/T, is defined by

S [Joiddi= g B[ S di

v €T, [r4 va€T4 7Z(B,)IR/T4

forf € C(Z(y,)JR)- QED.

X ® £, (Y01 (1)) g(Yes1 (1))

LEMMA 4.11. There is a dense open set T} of T, such that

2 eV(—DA+ ’r,)(.l,(t))s(h: ky_lk + k"'i . hl)
AEL,>
y \+1€ "_'(t"-Lﬁ’)

is bounded independent of M, uniformly for h, € A*, and for
Jo(t) =2 (exp — V — 1 J,(¥)) in compact subsets of Tj.

PROOF. L, C i3 = F,. Let F; = {A € F<a, \) # 0, a € B3¢, ino)}- Let
Cy, ..., C, be the chambers of F; for which C; C F_ = {A € F,]\(H) <0
for all H €a*, H+#0}, j=1,..., k. These are the chambers of F, on
which ¢,(s: ®7'(s7'\) : a*) = ¢(s : s7'C)) is constant, A € C,, and possibly
nonzero. In addition, we need to conmsider a finite number of “singular
chambers” of the form C, = {A € F,]A € C* if and only if \, € C™ for
every chamber C* of F;}, for fixed singular Ay € Ljp Let Coiys--.,C, be
the distinct “singular chambers” for which G; C F_,j =k +1,...,r. Then

cf(s: P (s")\) a*) =c(s:s7'C) s constant forA€EC,k+1<j<r
Further, ¢,(s : ®7'(s™™) :a*) =0 if A & U}.,C,. Then, all sums being
restricted to ”"A + 7, € ¥(¢7- LM),

2 eV(=DA+n)( (1) 2 det sca(s T 4 k,,.i . a+)
A€EL, SEW(Z,Jy )/ Wy
X exp(s(A + ’r;)(log h,))
= > det s 2 c(s : s"Cj) 3 e+ 7V (=Ds ™Yy () +log by)
s€E W(Z,JM)/yk"Wz i=1 AEL,>

A+R,€G
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Fixs € W(Z,J,,)and 1 < j < r. Writelog h, + V=1 s~ () = H. Then
T A - ) AUD
A€L,> AEL,>
A+ meG A+ 1EG

is just a geometric sum over a lattice in a convex subset of F,, and its absolute
value can be bounded by a finite number of terms (depending on C;, but not
on M) of the form

2'8'\°(H)|

|1 — e)\.(H)I e ll - eMH)l

where Ay € G;N F_ and where A, 1< i< s </ are integral linear
combinations of a, ..., q. Let A(J, v,, 1) denote the finite set of A, which
arise in the denominators obtained from the geometric sums over C;, 1 < j <
r. Define T3(J, v, 1) = {e VO VH € T,|H €q, eVEP'D =/=l s €
W(Z,Jpy), N € A(J, 75, £)}. Then if |1 — cos A(s~Y,(9)| > ¢ for all s €
W(Z,Jy), A € A(J, v, 1), we have

2
11— eM(H)' cee = eMH)I < e’

since Re(A\g(H)) = Ay(log ) < 0,\, € F_,h, € A*. QE.D.

Let H* = {h € H'| for every J € Car'(L, H),t € W(M° HY), vy, €T,, in
the decomposition *™'(1~'hQ) = j (1) (1), j\(t) € T}, j(t) € T, used in (4.9),
we have j,(1) € T3(J, v,, 1)}

LemmMA 4.12.
o (_l)r,(H)+I[M/M+] (_l)"’(-’)
I (ho) = d(H,) TwM T
vol Hy (2m)“*™ secar(L, vy [W(M, JM)]
X > detr X IF(J, 4,7y k)
te w(M°, HY) 12€Z(a)T,
where
IfH (J’ t Y2 ho)
V- n»f S ¢ (1) 2 VDA g(y, : BTN + b hy)
bp i=1 !
_ (volJK)[I‘,] .
prhy( D _ETF}J (Yz?o.h(t)hlhz) dh, dh, dv.
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ProOF. By Lemmas 4.10 and 4.11, the sums over L* and L, are bounded
independent of M, uniformly in », h,, and h,. Thus the lim,, ,, can be taken
inside of each of the integrals. The sums over I', = Z(a)/Z(a) N Z (bp)J}@
and T, = T,Z(a) N Z(H,)J2 = T((Z(a) N Z(Y,)Jg) have been combined to
yield a sum over Z (a)T,, Q.E.D.

Using (3.3), (3.4), we have that for h, € A4, j, € Jy,

j;lh%/(_l)”FfJ (Jihhy) dhy

(d(H,) — d(4))/2

vol J¢

= (27) 2 B [V (6% 6@ ) da

brely

(4.13)

where the sum over b* € J, converges uniformly on compacta of J & but not
absolutely, and the integral over a* converges absolutely. The integral

m
I# (v, : 1o (1), 1) = L . -21 g'(YZ)Aezz,eV(—l)(“ )2 ()
==
Xs(vy: ®7N+ 41,0 hy )R VDR Ry

converges absolutely also, since the absolute value of the integrand is boun-
ded by a finite number of terms of the form ce*®*2%), ¢ a constant (varying
uniformly with e = V(=D in compacta of T3) and A, € F_. (Here

f er(IOBhI) dh|= cAf
At 0

where n; > 0 for 1 < i < [, ¢, a constant relating dh, to dr, - - - dr,.) Thus
we may use (4.13) and then exchange the order of integration to obtain:

o0

>}
“ e e j(; e_"lrl,-"'-"'rldr|_o..drl

(d(H,) — d(4))/2
[Z(a)- To][Z(a) N Z(b,)]

-v=r [ pH(, .
X _/;; hy fa. 17 (v, : J(0), 1)

IfH(J s 8 Y2 ho) = (27)

X 3 (o (D) F/ (b*p®@v)duds.  (4.14)

bredy
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THEOREM 4.15. Let hy = h h, € H*. Then

(=" 7 [ pvie
FH (hy) = - b*(h h VD7 (H, b*, dv
7 ) = i ,,E,;K ) [ b0 (H, 5 0)(D)
(_l)r,(H)+l[M/M+]
vol Hy
X > !
Jecar(L, H) )4 W[ W(M, 1y)1[Z(a)- To][ Z(a) N z(v,)]
X > dett >
tew(M° HR) 12€Z(a)To
x| 2 B0oni @) [ BV [ 1 (2 (0 )
brey v ¢
X8(J, b* . ® »)(f) d dv + IF (f, by 1, 72)]
where
IJH (fihot,12) = —L‘h‘,—‘/(—')’fa‘lf (72 1 Jp(0): I‘) 2 b*(Yo‘Yzjl(’))

bredy

X { S [ (6% e ®)(x)dg (x)} dy dv.
AECar(G,J)”G*
ProOF. The theorem follows from combining Lemmas 4.2 and 4.12 along
with (4.14) and then using Lemma 4.1 and J in place of H. It also uses the
fact that

S B [ kY[ (00 )8, 5 k@ () d b

bredy
converges absolutely.

5. Proof of Lemma 2.5. It suffices to prove the lemma with s = I because of
(2.3). If A\p € F* N L, is regular, and #,(Ag) = 0, then there are elements
NeEF*nL with;(\)>0,andsoc(l:A) =c(I:XN)=0.1f Ay € Lj, let
F* be a component of F, whose closure contains Ag. Then {wF*|w € W'}
are exactly the components of F’ whose closures contain Ay, and so c(7 : Ag)
=(1/[WDZ, ewc : wF*).

Suppose first that there is a root a € ®(3c, ic) such that © “'a is a compact
root of (3, b,) and Ay, @) = 0. Then s, € W', where s, denotes the reflection
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corresponding to a, and

2 detwe(w:d)=—— > detw > c(w:w 'oF*)
weW’ [W] weW’ vEW'
1 2 -+
- detw(c(w:w™'oF %)
[ w ] vEW weW'/{l,s,) (

—c(ws, :s,w '0F*)) =0

using (2.4), since s, € W(Z, ** 'H,).
Thus we may assume that

PO () = ¥ (@ € @*|(\g @) = 0}
consists entirely of singular imaginary roots of (3, ;). As a consequence, if 8,,
€ ®*(Ay), then {B,, B,> = 0 and no other element of ®* is in the linear
span of B, and B,. For a € ®*, let H, = {A € F,{a,A) = 0}.Then if v €
W’ and a € ®*(\y), H, is the only root hyperplane separating vF* and
s,oF *.

Let F_.={A€EF|ts(\) <0, i=1,...,/}. Suppose w,,...,w, are the
elements of W’ satisfying F, = w,F* CF_,1<i<r.FfUu---UF,isa
convex set, bounded by certain hyperplanes H,, « € ®(3, ic)- Since A, is not
in the interior of F; U - - - U F, which is contained in F~, A, is in at least
one hyperplane H, bounding F, U - - - U F,. Then s, = 5, € W’ and s,F;
F_,i=1,...,r. Thus

Y detwe(w: )——, Y detw X c(w:wloF*)
weEW’ [W] weW’ vEW’

=—l—, 2 det w

[ ] weE (I, so}\ W’

X ¥ [e(wiwT'oF*)+c(w:wls@F*)
vE{], so}\ W’

—c(sgw : wTlsoF * ) — c(sow : wToF ).

If neither vF * nor syvF * is contained in F_, the quantity in brackets is zero.
Thus we may assume oF* C F_. Then sooF* g F_ and so
c(w:wlseoF*) = c(sqw : w 'oF*) = 0.

Write 5o = s, - - - 5, as a product of simple reflections with k minimal, s,
the reflection correspondmg to a;;), 1 < I(i) < I. Note that k will be an odd
integer. Let T; € 1p be a semiregular element of j corresponding to Yy
bt =jand br, = i, the corresponding Cartan subalgebras of 3 [8, §1.3.4].

Let 3; be the centralizer in 3 of (j;);- Let jj be the chamber of i} (3,
containing I';. Write ¢;(s : uF *) forc, (s : uF* : j}),s,u € W (3¢ io)-
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It follows from [1(d)] that
K
c(w:w oF*) =3 (=) (541 - - sw: wToF )
i=1
+¢(si841 7 - sw i wToF V)

and
k
c(sow i wlseoF *) = 3 (=) Y(ci(s; - - - w1 wlsoF *)
i=1
+¢i(S41 0 sw i wTF ).

We claim that foreachi =1, ..., k,
(Sivr- Sw:iw OFY) = ¢80 - - 5w wTlsoFY)

and
(s swiw oF*) =c(s;- - - swiwTlsuF )

so that c(w : w™'oF *) = c(sow : w™'sqoF *). We will show the first equality.
The second follows from a similar argument.

To prove the equality, it suffices to show that no hyperplane Hg, B €
®(3,c> ic) separates sp, ;- - vF* and s;,, - - 5S0F* =5, - - s;0F*.
Suppose such a root B exists. Let 8’ = s - - - 5,,, 8. Then Hy, separates oF *
and seF *. But H, is the only hyperplane separating vF * and seoF *, so

that ay = B” and B =Si+1° " Sk Since B € q’((%i)c, IC): <B’ al(i)> =0
and B =5, S0 = 58, * * S0a, But since s,- - -5, is a reduced
decomposition of s, into simple reflections, this is impossible. Q.E.D.
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